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Variation of the two-variable algebraic Iwasawa invariant in
Hida deformation
Dong Yan
Abstract
This paper is a continuation of the author’s previous work, where we studied the number
of isomorphic classes of GQ-stable lattices in p-adic families of residually reducible ordinary
modular Galois representations. In this paper, we study the number of isomorphic classes of
GQ-stable free lattices in a residually reducible Hida deformation and the variation of their
related Selmer groups. This result gives an answer of a question asked by Ochiai.
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1 Introduction
We fix a prime number p ≥ 3 and embeddings Qp
ιp
←֓ Q
ι∞
→֒ C, where Q and Qp are the algebraic
closures of the rational number field Q and the p-adic number field Qp respectively. Throughout the
paper, we denote by Dl the decomposition subgroup of the absolute Galois group GQ = Gal
(
Q/Q
)
at a prime l. First we recall the two-variable Iwasawa main conjecture for nearly ordinary Hida
deformation which is a special case of the Iwasawa main conjecture for Galois deformation proposed
by Greenberg [7]. Let χ be a Dirichlet character modulo p which is fixed in this section. Let I be
an integrally closed local domain which is finite flat over Λ = Zp[[X ]] with maximal ideal mI and
field of fractions K. In [9, Theorem 2.1], Hida constructed a Galois representation VF attached
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to an I-adic normalized eigen cusp form F =
∞∑
n=1
a (n,F) qn with character χ (see Definition 3.1
below). Let ρF be the action of GQ on VF . Recall that VF has a lattice T (see Definition 2.3
below) which is stable under the action of GQ (we call that T is a GQ-stable lattice of VF ). The
action of GQ on T induced by ρF is continuous with respect to the mI-adic topology on AutI (T)
and unramified outside { p,∞}.
Let Γ = Gal (Q∞/Q), where Q∞ is the cyclotomic Zp-extension of Q. We introduce the I[[Γ]]-
module T := T⊗ˆZpZp[[Γ]] (κ˜cyc) on which GQ acts diagonally, where GQ acts on Zp[[Γ]] by the
character κ˜cyc : GQ ։ Γ →֒ Zp[[Γ]]×. We denote by ρn.ordF the action of GQ on T ⊗I[[Γ]]Frac (I[[Γ]]).
Recall that VF has a unique Dp-stable subspace F
+VF of dimension one such that the action
of Dp on VF/F
+VF is unramified (cf. [24, Theorem 2.2.2]). This induce an I[Dp]-submodule
F+T = T ∩ F+VF of T and an I[[Γ]][Dp]-submodule F+T = F+T⊗ˆZpZp[[Γ]] (κ˜cyc) of T . For
an I[[Γ]]-module M , we denote by M∨ = HomZp (M,Qp/Zp) the Pontrjagin dual of M . Let
A = T ⊗I[[Γ]] I[[Γ]]
∨ and we denote by F+A the image of F+T under T → T ⊗I[[Γ]] I[[Γ]]
∨. Then
we define the Selmer group SelA as Definition 4.1. Under the assumption that I is isomorphic to
O[[X ]] for the ring of integers O of a finite extension of Qp, Ochiai proved that (SelA)
∨
is a finitely
generated torsion I[[Γ]]-module for any T (cf. [17, Proposition 4.9] and [18, Remark 1.7 3-(b)]).
On the analytic side, there exists a p-adic L-function Lp
(
ρn.ordF
)
∈ I[[Γ]] which interpolates the
special values of Hasse-Weil L-function under arithmetic specializations I[[Γ]] → Qp. Such p-adic
L-function Lp
(
ρn.ordF
)
is constructed by Mazur, Kitagawa, Greenberg-Stevens, Panchiskin, Ochiai
and Fukuya (see [3, Appendix A] for example). The two-variable Iwasawa main conjecture for
ρn.ordF claims that there exists a GQ-stable lattice T such that the following equality hold:
charI[[Γ]] (SelA)
∨
=
(
Lp
(
ρn.ordF
))
. (1)
We denote by ρF (mI) the residual representation of ρF modulo mI. The existence and the
uniqueness of such residual representation are proved in [14, §9]. Then under assumptions that
I is isomorphic to O[[X ]] and the irreducibility of ρF (mI), Ochiai [17] and Skinner-Urban [23,
§3.6.3] proved that charI[[Γ]] (SelA)
∨
=
(
Lp
(
ρn.ordF
))
for any T. However, the case where ρF (mI) is
reducible has not been studied.
In this paper, we study the case where ρF (mI) is reducible. Note that when ρF (mI) is reducible,
charI[[Γ]] (SelA)
∨
may depend on T. A recent work on the Iwasawa theory for residually reducible
deformation is studied by Bella¨ıche and Pollack [3], in which they study the case of one-variable
cyclotomic deformations of ordinary modular Galois representations. In [3], they claim that there
exists a GQ-stable lattice T such that the equality (1) holds (cf. [3, Lemma 5.2 and Corollary 5.13]).
Their argument on the choice of GQ-stable lattice depends on the fact that the base ring has Krull
dimension one and the number of isomorphic classes of GQ-stable lattices is finite. However, since
I has Krull dimension two, their argument can not work in the case of Hida deformation and we
do not know even the number of isomorphic classes of GQ-stable lattices is finite or not. Our work
is motivated by the following question asked by Ochiai:
Question ([18, Question 4.5]).
(1) How many GQ-stable lattices up to GQ-isomorphism exist for a given Hida deformation?
(2) Can we calculate the variation of charI[[Γ]] (SelA)
∨
when T varies?
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We call T a free lattice if T is a free I-module. In general, a GQ-stable lattice T is not necessarily
free over I. However when I is isomorphic to O[[X ]], it is well-known that there exists a GQ-stable
I-free lattice by taking the double linear dual T∗∗ = HomI (HomI (T, I)) of a given GQ-stable lattice
T. In order to answer the question, first we must remark that we must make clear the question
whether we consider only GQ-stable I-free lattices or we consider all GQ-stable lattices. Recall that
under certain conditions, we proved that the number of isomorphic classes of GQ-stable non-free
lattices in a Hida deformation is infinite if the Kubota-Leopoldt p-adic L-function has a zero in
Zp ([25, Corollary 1.7]). However, by Lemma 5.3 we know that to answer (2) of the question,
it is enough to study the the variation of charI[[Γ]] (SelA)
∨
when T varies in the set of GQ-stable
I-free lattices. Our answers to the question (1) (only for free lattices) and the question (2) is the
following theorem.
Before we state our main theorem, we prepare some notation. We fix a topological generator
u of 1 + pZp throughout out the paper. For an element d ∈ Z×p , we denote by 〈d〉 the image of d
under the projection Z×p ։ 1 + pZp and by sd the element of Zp such that 〈d〉 = u
sd . We denote
by L algp the set of all charI[[Γ]] (SelA)
∨
, where A = T⊗ˆZpZp[[Γ]] (κ˜cyc)⊗I[[Γ]] I[[Γ]]
∨ and T varies in
the set of all GQ-stable lattices of VF . For a principal ideal I of I[[Γ]], we denote by D (I) the set
of all ideals of I[[Γ]] which divide I from now on to the end of this paper. Our main result is as
follows:
Theorem A (Theorem 5.1). Let VF be the Galois representation attached to an I-adic normalized
eigen cusp form F with character χ modulo p. Suppose that I is isomorphic to O[[X ]], where O
is the ring of integers of a finite extension of Qp. Assume that ρF (mI) is reducible. We denote
by J (resp. J ) the ideal of I (resp. I[[Γ]]) which is generated by a (l,F) − 1 − χ (l) 〈l〉 (1 +X)sl
for all primes l 6= p and a (p,F)− 1. Let J ∗∗ = HomI[[Γ]]
(
HomI[[Γ]] (J , I[[Γ]]) I[[Γ]]
)
be the double
I[[Γ]]-linear dual of J . Then we have the following statements:
(1) Let L fr (ρF) be the set of isomorphic classes of GQ stable I-free lattices of VF . Then L
fr (ρF)
is finite and we have
♯L fr (ρF ) =
∏
p∈P 1(I)
(ordpJp + 1) ,
where P 1 (I) is the set of all height one prime ideals of I.
(2) There exists a GQ-stable I-free lattice T
max which is characterized by the properties:
charI[[Γ]] (SelAmax)
∨ ⊂ J ∗∗
and
L
alg
p = { charI[[Γ]] (SelAmax)
∨ · A−1 | A ∈ D (J ∗∗) } ,
where Amax = Tmax⊗ˆZpZp[[Γ]] (κ˜cyc)⊗I[[Γ]] I[[Γ]]
∨.
One may regard Theorem A as a generalization of the result [3, Theorem 5.3] to the case of
two-variable Hida deformation.
Theorem A will be proved in §5. For the proof, we generalize the result [3, Lemma 5.2] on
the number and the structure of isomorphic classes of GQ-stable lattices of a p-adic modular
representation to Hida deformation (Proposition 5.6). In Proposition 5.6, we construct a “good”
system of representatives of isomorphic classes of GQ-stable I-free lattices. Then our construction
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enables us to take the maximal lattice Tmax under inclusion. Furthermore, by our construction and
by Fouquet-Ochiai’s lemma (Lemma 5.4), we prove that the filtration part F+T of those lattices
are equal and the quotient of Tmax/T are cyclic I-modules for any T (Proposition 5.6-(2)). Then
Theorem A follows by Ochiai’s comparison formula (Theorem 4.3).
For an element α ∈ I[[Γ]], write D (α) = D ((α)) for short. Under certain conditions, we
calculate charI[[Γ]] (SelAmax)
∨
as follows:
Theorem B (Theorem 6.1). Let us keep the assumptions and the notation of Theorem A. Assume
that χ is primitive and χ 6= ω for the Teichmu¨ller character ω. Assume further that the ideal J
is generated by a (p,F) − 1. Then charI[[Γ]] (SelAmax)
∨
is generated by a (p,F) − 1 and L algp =
D (a (p,F)− 1) .
Note that the assumption that J is generated by a (p,F)− 1 does not hold in general. See [3,
§3.9] for counter examples in which charI[[Γ]] (SelAmax)
∨
may not be generated by an element of I.
For the proof of Theorem B, under the assumption that J is principal, we have the inclusion
charI[[Γ]] (SelAmax)
∨ ⊂ J by Theorem A. We prove Theorem B by specialization and by using
Bella¨ıche-Pollack’s calculation [3, Theorem 5.12] of Selmer groups for one-variable cyclotomic de-
formations. We prove that the specialization of Tmax is the lattice which satisfies the conditions
(R1) and (R2) of Lemma 6.3 under the assumption that J is principal (Lemma 6.3). Then we use
Lemma 6.3 to generalize Ochiai’s control theorem for Selmer groups to residually reducible case
(Proposition 6.4).
Now we use the lattice Tmax to study one and two-variable Iwasawa main conjectures for Hida
deformation. Under certain conditions, Bella¨ıche and Pollack proved that the ideal J is generated
by the two-variable p-adic L-function Lp
(
ρn.ordF
)
(see §6 below). Thus by Theorem B, we can prove
the two-variable IMC under certain conditions:
Corollary C (Corollary 6.8). Let us keep the assumptions of Theorem A. Assume that χ is
primitive and χ 6= ω. Assume further that the Eisenstein ideal I (1, χ)mEis (see §6 below) is
generated by Up − 1. Then we have the following equality:
charI[[Γ]] (SelAmax)
∨
=
(
Lp
(
ρn.ordF
))
,
which is generated by a factor of the Kubota-Leopoldt p-adic L-function Lp (χ) (see §4 below).
Let κcyc : Γ
∼
→ 1 + pZp be the canonical isomorphism. We denote by ρF ⊗ κjcyc the κ
j
cyc
twist of ρF for every j ∈ Z≥0, where we identify κcyc with the character of GQ composed with
GQ ։ Γ
κcyc
→ 1 + pZp. Let Amaxj = T
max ⊗Zp κ
j
cyc ⊗I I
∨. Then by Corollary C, we can also prove
the one-variable IMC for ρF ⊗ κjcyc:
Corollary D (Corollary 6.9). Let us keep the assumptions of Corollary C. For any j ∈ Z≥0, we
denote by Lp
(
ρF , κ
j
cyc
)
the one-variable p-adic L-function attached to ρF ⊗ κjcyc. Then we have
the following equality:
charI
(
SelAmaxj
)∨
=
(
Lp
(
ρF , κ
j
cyc
))
.
Outline. The outline of this paper is as follows. In §2, we recall the definition of the ideal of
reducibility which is defined in [1]. We also use the ideal of reducibility to count the number of
isomorphic classes of G-stable lattices of the representation over a discrete valuation ring. In §3,
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we recall some known facts on Hida deformation. In §4, we recall the definition of Selmer group for
Hida deformation and Ochiai’s comparison formula. In §5, we prove Theorem A. In §6, we prove
Theorem B and study its application to Iwasawa main conjectures for Hida deformation.
Notation. Let R be a commutative domain and K the field of fractions of R. For a finite
dimensional K-vector space V and a linear representation of a group G:
ρ : G→ AutK (V ) ,
we denote by L (ρ) (resp. L fr (ρ)) the set of isomorphic classes of G-stable lattices (resp. G-stable
R-free lattices) of ρ.
For a prime l, we denote by Il the inertia subgroup of the decomposition group Dl at l. For a
Dirichlet character θ modulo M , by abuse of notation, we sometimes denote by θ the character of
GQ composed with GQ ։ Gal (Q (µM ) /Q)
∼
→ (Z/MZ)×. We fix a topological generator γ (resp.
u) of Γ (resp. 1 + pZp) throughout the paper. We denote by κcyc the isomorphism Γ
∼
→ 1 + pZp
which maps γ to u. We denote by ω the Teichmu¨ller character. For an element a ∈ Z×p , write
a = ω (a) 〈a〉 under Z×p
∼
→ µp−1 × 1 + pZp and we denote by sa the element of Zp such that
〈a〉 = usa .
We denote by Λ the ring of power series Zp[[X ]]. For a Dirichlet character θ, write Λθ =
Zp[θ][[X ]]. We denote by I an integrally closed local domain which is finite flat over Λ. We denote
by O the ring of integers of a finite extension of Qp throughout the paper. For an arithmetic
specialization κ ∈ Xarith (I) (see §3 below), we denote by (wκ, ζκ, rκ, ψκ) the data which is defined
in Definition 3.1 throughout the paper and by Oκ the image of I under κ.
For a fixed Noetherian integrally closed domain R, we denote by P 1 (R) the set of all height-one
prime ideals of R. For a finitely generated R-module M , we denote by M∗ the R-linear dual of M
and by M∗∗ the double R-linear dual of M .
Acknowledgements. The author expresses his sincere gratitude to Professor Tadashi Ochiai for
spending a lot of time to read the manuscript carefully, giving the author useful comments and
pointing out mistakes. He also thanks to Kenji Sakugawa for reading the manuscript, stimulating
discussion and correcting several mistakes.
2 Ideals of reducibility
In this section, we recall the definition of ideal of reducibility and its application.
Propostion 2.1. Let R be a local domain with maximal ideal m and K the field of fractions of
R. We assume that the characteristic of the residue field R/m is not two. Let V be a vector space
of dimension two over K and
ρ : G→ AutK (V )
a linear representation of a group G such that trρ (G) ⊂ R. Assume the following condition:
(Basis) There exist a K-basis { e1, e2 } of V and an element g0 ∈ G such that
ρ (g0) =
(
λ1 0
0 λ2
)
, λ1 6≡ λ2 (mod m)
with respect to the basis { e1, e2 }.
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Then there exists a unique ideal I (ρ) of R such that for any ideal J , I (ρ) ⊂ J if and only if there
exist characters ϑ1, ϑ2 : G→ (R/J)
×
such that trρ mod J = ϑ1 + ϑ2. Furthermore, if J ⊂ m, the
set of such characters {ϑ1, ϑ2 } is unique.
Proposition 2.1 is proved in the same way as [1, Lemme 1]. However, we add the proof for later
reference.
Proof. The uniqueness of I (ρ) follows by its property. We prove the existence. Write ρ (g) =(
a (g) b (g)
c (g) d (g)
)
with respect to the basis { e1, e2 }. For any g ∈ G, we have the following equations:
trρ(g0g) = λ1a(g) + λ2d(g) ∈ Rtrρ(g) = a(g) + d(g) ∈ R. (2)
Since R is a local domain and λ1 6≡ λ2 (mod m), λ1 − λ2 is a unit of R. Thus a(g), d(g) ∈ R by
the equation (2). Since b(g)c(g′) = a(gg′)− a(g)a(g′), we have b(g)c(g′) ∈ R for any g, g′ ∈ G.
Let I (ρ) be the R-submodule of K which is generated by b(g)c(g′) for all g, g′ ∈ G. Then I (ρ)
is an ideal of R. Let us take an ideal J of R. The case when J = R is obvious. Hence it is sufficient
to consider the case when J ⊂ m. Assume I (ρ) ⊂ J . By the definition of I (ρ), we have that
amod I (ρ) : G→ (R/I (ρ))× , g 7→ a(g)mod I (ρ)
and
dmod I (ρ) : G→ (R/I (ρ))× , g 7→ d(g)mod I (ρ)
are characters. We denote by ϑ1 (resp. ϑ2) : G → (R/J)
×
the composition of amod I (ρ) (resp.
dmod I (ρ)) with the surjection R/ I (ρ)։ R/J . Then we have trρ mod J = ϑ1 + ϑ2.
For the converse, we denote by ψi : G → (R/m)
×
(i = 1, 2) the composition of ϑi with the
surjection R/J ։ R/m. Then we have tr ρmodm = ψ1 + ψ2. Since for any g ∈ G,
tr ρ(g)2 − tr ρ(g2) = 2 · det ρ(g)
and char(R/m) 6= 2, we have det ρmodm = ψ1ψ2. Thus the mod m characteristic polynomial of
ρ (g0) is
(X − ψ1 (g0)) (X − ψ2 (g0)) =
(
X − λ1
) (
X − λ2
)
,
where λi = λi mod m (i = 1, 2). Then we have {ψ1 (g0) , ψ2 (g0) } = {λ1, λ2 } . Since λ1 6≡
λ2 (mod m), we have ψ1 6= ψ2. Then by [1, Lemme 1], we have {ϑ1, ϑ2 } = { amodJ, dmodJ }
and b (g) c (g′) ∈ J for any g, g′ ∈ G. This implies I (ρ) ⊂ J .
Now we prove the uniqueness of the set of characters {ϑ1, ϑ2 }. First we prove the uniqueness
of {ψ1, ψ2 } by contradiction. Assume we have another set of characters {ψ′1, ψ
′
2 } 6= {ψ1, ψ2 }
such that tr ρmodm = ψ′1 + ψ
′
2. By considering the modm characteristic polynomial of ρ (g), we
have
ψ′1 (g) = ψ1 (g) or ψ
′
1 (g) = ψ2 (g) (3)
for any g ∈ G. We may assume ψ′1 (g0) = ψ1 (g0) without loss of generality. Assume there exists
an element h ∈ G such that ψ′1 (h) = ψ2 (h) 6= ψ1 (h). Then we have
ψ′1 (g0h) = ψ1 (g0)ψ2 (h) . (4)
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By (3), the equality (4) contradicts to ψ1 (g0) 6= ψ2 (g0) or ψ1 (h) 6= ψ2 (h). Thus, the set of
characters {ψ1, ψ2 } is unique.
Suppose we have another set of characters {ϑ′1, ϑ
′
2 } of G with values in (R/J)
×
such that
tr ρmod J = ϑ′1 + ϑ
′
2. Then we have {ϑ
′
1modm, ϑ
′
2modm } = {ψ1, ψ2 } by the uniqueness of the
set {ψ1, ψ2 }, where ϑ′imodm : G→ (R/m)
× (i = 1, 2) is the composition of ϑ′i with the surjection
R/J ։ R/m. Then {ϑ′1, ϑ
′
2 } = { amodJ, dmod J } by [1, Lemme 1]. Thus, the uniqueness of
{ϑ1, ϑ2 } follows. This completes the proof of Proposition 2.1.
Definition 2.2. Let us keep the assumptions and the notation of Proposition 2.1. We call I (ρ)
the ideal of reducibility of R (cf. [1, §2.3]).
We recall the definition of lattice as follows:
Definition 2.3. LetR be a commutative Noetherian integrally closed domain with field of fractions
K. Let V be a finite dimensional K-vector space. We say that a R-submodule T of V is a lattice
of V if and only if T is finitely generated and T ⊗R K = V . Let
ρ : G→ AutK (V )
be a linear representation of a group G, we say that T is a G-stable lattice of V if T is a lattice
and ρ (G)T = T .
For the remainder of this section, let R be a discrete valuation ring. We study the relation
between the ideal of reducibility and the number of isomorphic classes of G-stable lattices. We
recall the following proposition.
Propostion 2.4 ([4, Chap. 7, §4.1, Corollary to Proposition 4]). Let A be a discrete valuation
ring with ̟ a fixed uniformizer and K the field of fractions of A. Let V be a finite dimensional
K-vector space. We denote by Aˆ = lim
←−
j
A/̟jA the ̟-adic completion of A and by Kˆ the field
of fractions of Aˆ. Let CA (resp. CAˆ) be the category of A-lattices of V (resp. the category of
Aˆ-lattices of V ⊗K Kˆ) and F1, F2 the following functors:
F1 : CA → CAˆ, T 7→ T ⊗A Aˆ,
F2 : CAˆ → CA, Tˆ 7→ Tˆ ∩ V.
Then we have F2 ◦ F1 = idCA and F1 ◦ F2 = idCAˆ i.e. the category CA and CAˆ are equivalent.
Propostion 2.5. Let A be a discrete valuation ring with ̟ a fixed uniformizer and K the filed
of fractions of A. We assume the characteristic of the residue field A/ (̟) is not two. Let V be a
two-dimensional K-vector space and
ρ : G→ AutK (V )
a linear representation of a group G such that ρ has a G-stable lattice T . Assume that ρ satisfies
the condition (Basis) of Proposition 2.1. We denote by I (ρ) the ideal of reducibility of A. Then
we have the following statements:
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(1) We have I (ρ) ⊂ (̟) if and only if the semi-simplification (T/̟T )ss is decomposed into two
characters i.e. (T/̟T )
ss ∼= A/ (̟) (ψ1) ⊕A/ (̟) (ψ2), where ψi : G→ (A/ (̟))
×
(i = 1, 2)
is a character. Furthermore, we have ψ1 6= ψ2 in this case.
(2) We have the equality ♯L (ρ) = ord̟I (ρ) + 1.
(3) More precisely, let ord̟I (ρ) = n > 0. Then there exists a chain of G-stable lattices T0 )
· · · ) Tn such that
(i) For any G-stable lattice T ′, there exist an integer 0 ≤ i ≤ n and an element x ∈ K×
such that T ′ = xTi. We also have that T0, · · · , Tn are non-isomorphic to each other as
A[G]-modules.
(ii) For any 1 ≤ j ≤ n, we have that T0/Tj is isomorphic to A/ (̟)
j
(ϑ
(j)
2 ) as an A[G]-
module, where {ϑ
(j)
1 , ϑ
(j)
2 } is the set of characters with values in
(
A/ (̟)
j
)×
such that
tr ρmod (̟)j = ϑ
(j)
1 + ϑ
(j)
2 .
Proof. We prove the first assertion. By Proposition 2.1, the condition I (ρ) ⊂ (̟) is equivalent
to that there exist characters ψ1 and ψ2 of G with values in (A/ (̟))
×
such that tr ρmod (̟) =
ψ1 + ψ2. Hence it is equivalent to (T/̟T )
ss ∼= A/ (̟) (ψ1) ⊕ A/ (̟) (ψ2) by Brauer-Nesbitt
theorem. Since ρ satisfies the condition (Basis), we have ψ1 (g0) 6= ψ2 (g0). This completes the
proof of the first assertion.
We prove the second assertion. First we assume that (T/̟T )
ss
is irreducible. Then every G-
stable lattice is homothetic with T by Nakayama’s lemma. Hence ♯L (ρ) = 1. On the other hand
the assumption that (T/̟T )ss is irreducible is equivalent to I (ρ) = A by (1). Thus the second
assertion follows when (T/̟T )
ss
is irreducible. Next we we assume that (T/̟T )
ss
is reducible.
Then tr ρmod (̟) is the sum of two distinct characters by (1). We may assume that A is complete
by Proposition 2.4. Then ord̟I (ρ) + 1 = ♯L (ρ) follows by the same proof [25, Proposition 3.4],
where the same statement is proved for the ring of integers of a finite extension of Qp. This
completes the proof of the second assertion.
We prove the third assertion. The existence of the lattices T0 ) · · · ) Tn satisfying the first
part of (i) is proved in [2, The´ore`me 4.1.3] (see also the remark immediately after it) and the
assertion that T0, · · · , Tn are non-isomorphic to each other as A[G]-modules is done by the same
proof of [25, Proposition 3.4]). Now we prove (ii). By the same proof of [25, Proposition 3.4],
we have that T0/Tj is isomorphic to A/ (̟)
j
as an A-module. This implies that tr ρmod (̟)
j
is the sum of two characters with values in
(
A/ (̟)
j
)×
. Thus T0/Tj is isomorphic to either
A/ (̟)
j
(ϑ
(j)
1 ) or A/ (̟)
j
(ϑ
(j)
2 ) by Proposition 2.1. If T0/Tj
∼
→ A/ (̟)j (ϑ
(j)
1 ), one may change
the chain T0 ) · · · ) Tn to
Tn ) ̟Tn−1 ) · · · ) ̟
nT0.
This completes the proof of the third assertion.
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3 Hida deformation
We recall some known results on Galois representations attached to normalized I-adic eigen cusp
forms in this section. For more details, the reader can refer to [10, Chapter 7].
Let χ be a Dirichlet character modulo Np with (N, p) = 1 which is fixed in this section. Recall
that u is a topological generator of 1+pZp. Let I be an integrally closed local domain which is finite
flat over Λχ with mI the maximal ideal and K the field of fractions of I. We denote by Xarith (I) the
set of arithmetic specializations which is the set of continuous homomorphisms defined as follows:
Xarith (I) =
{
κ : I→ Qp
∣∣ κ(1 +X) = ζκuwκ−2, (wκ, ζκ) ∈ Z≥2 × µp∞ } .
Recall that for an arithmetic specialization κ, we denote by Oκ the image of I under κ. If ζ ∈ µp∞
is a pr-th root of unity, we denote by ψζ the Dirichlet character as follows:
ψζ :
(
Z/pr+1Z
)×
։
(
1 + pZ/ 1 + pr+1Z
)
→ Q
×
p , umod p
r+1 7→ ζ.
Definition 3.1. We call F =
∞∑
n=1
a(n,F)qn ∈ I[[q]] an I-adic normalized eigen cusp form with
character χ if
fκ :=
∞∑
n=1
κ(a(n,F))qn ∈ Swκ
(
Γ0(Np
rκ+1), χψκω
1−wκ ,Oκ
)
is a p-ordinary normalized eigen cusp form for all κ ∈ Xarith (I), where p
rκ is the order of ζκ and
ψκ = ψζκ .
In [9, Theorem 2.1], Hida constructed a continuous Galois representation ρF attached to an
I-adic normalized eigen cusp form F as follows:
Theorem 3.2 (Hida [9, Theorem 2.1]). Let F be an I-adic normalized eigen cusp form with
character χ. Then there exist a K-vector space VF of dimension two and a Galois representation
ρF : GQ → AutK (VF)
such that
(1) There exists a GQ-stable lattice T of VF such the representation GQ → AutI (T) induced by
ρF is continuous with respect to the mI-adic topology on AutI (T).
(2) The representation ρF is irreducible and unramified outside Np∞.
(3) For the geometric Frobenius element Frobl at l ∤ Np, we have
tr ρF (Frobl) = a (l,F) ,
det ρF (Frobl) = χ (l) 〈l〉 (1 +X)
sl .
Although ρF may not have a GQ-stable I-free lattice, we have the following proposition for the
existence of the residual representation at a prime ideal of I (see [14, §9] for example).
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Propostion 3.3 (Hida, Mazur-Wiles). Let VF be the Galois representation attached to an I-adic
normalized eigen cusp form F . Then for a prime ideal p of I, there exists a residual representation
ρF (p) : GQ → GL2 (I/p)
of ρF at p such that ρF (p) is semi-simple, continuous under the mI-adic topology of GL2 (I/p) and
satisfies the following properties:
(1) The representation ρF (p) is unramified outside Np∞.
(2) For the geometric Frobenius element Frobl at l ∤ Np, we have
tr ρF (p)(Frobl) = a (l,F) mod p,
det ρF (p)(Frobl) = χ(l)〈l〉 (1 +X)
sl mod p.
Furthermore, the residual representation ρF (p) is unique up to isomorphism over an algebraic
closure of Frac(I/p).
As an representation of the decomposition subgroup Dp, we have the following property of ρF
due to Mazur and Wiles:
Theorem 3.4 ([24, Theorem 2.2.2]). Let VF be the Galois representation attached to an I-adic
normalized eigen cusp form F . Then VF has a unique Dp-stable subspace F
+VF of dimension 1
such that the action of Dp on VF/F
+VF is unramified.
4 Selmer groups for Hida deformations
In this section, we recall the comparison formula of Selmer groups for two-variable Hida deformation
which is proved by Ochiai [18]. First we recall the definition of Selmer group for a general Galois
deformation. Let R be an integrally closed local domain which is finite flat over Zp[[X1, · · · , Xn]]
with M the maximal ideal of R and K the field of fractions. Let V be a finite-dimensional K-vector
space and
ρ : GQ → AutK (V)
a linear representation such that
(i) The representation ρ has a GQ-stable lattice T .
(ii) The action of GQ on T is continuous with respect to the M-adic topology on AutR (T ).
(iii) The the action of GQ on T is unramified outside a finite set of primes Σ ⊃ { p,∞}.
Definition 4.1 ([18, Definition 1.2]). Let A = T ⊗R R∨ . Suppose that we have a Dp-stable
subspace F+V of V . Let F+T = F+V ∩ T and we denote by F+A the image of F+T under
T → T ⊗R R∨. We define the Selmer group SelA as follows:
SelA = Ker
H1 (QΣ/Q,A)→ ∏
l∈Σ\{p,∞}
H1 (Il,A)×H
1
(
Ip, A/F
+A
) .
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Now we consider the case where ρ comes form a Hida deformation. Let us keep the nota-
tion of the previous section. Recall that VF is the Galois representation attached to an I-adic
normalized eigen cusp form F and T a GQ-stable lattice of VF . Let Γ = Gal (Q∞/Q) and
T = T⊗ˆZpZp[[Γ]] (κ˜cyc). Note that Theorem 3.4 induce a Dp-stable I-submodule F
+T = T∩F+VF
of T and a Dp-stable R-submodule F+T = F+T⊗ˆZpZp[[Γ]] (κ˜cyc) of T . Then one can define the
Selmer group SelA (resp. SelA) for one-variable (resp. two-variable) Hida deformation as Definition
4.1, where A = T⊗I I∨ (resp. A = T ⊗I[[Γ]] I[[Γ]]
∨). We have the following “torsionness” property
for SelA and SelA:
Theorem 4.2 (Ochiai). Assume that VF has a GQ-stable I-free lattice which is denoted by T.
(1) We have that (SelA)
∨
is a finitely generated torsion I-module ([16, Corollary D]).
(2) Assume that I is isomorphic to O[[X ]], then (SelA)
∨
is a finitely generated torsion I[[Γ]]-
module ([18, Remark 1.7 3-(b)]).
For the remainder of this section, we assume that I is isomorphic to O[[X ]]. Then it is well-
known that there exists a GQ-stable I-free lattice by taking the double linear dual of a given
GQ-stable lattice. Let T be a GQ-stable I-free lattice. We have that (SelA)
∨ is torsion over I[[Γ]]
by Theorem 4.2. Since I[[Γ]] is a unique factorization domain, the characteristic ideal of (SelA)
∨
can be written as follows:
charR (SelA)
∨
=
∏
P∈P 1(R)
P
lengthRP((SelA)
∨)
P . (5)
Let T and T′ be GQ-stable I-free lattices of VF . The following comparison formula en-
ables us to calculate the difference between charI[[Γ]] (SelA)
∨
and charI[[Γ]] (SelA′)
∨
, where T =
T⊗ˆZpZp[[Γ]] (κ˜cyc), T
′ = T′⊗ˆZpZp[[Γ]] (κ˜cyc), A = T ⊗I[[Γ]] I[[Γ]]
∨ and A′ = T ′ ⊗I[[Γ]] I[[Γ]]
∨. Note
that the formula is first proved by Schneider [22] for the cyclotomic deformation of a p-adic repre-
sentation attached to an abelian variety and by Perrin-Riou [20] for the cyclotomic deformation of
an ordinary p-adic representation. Then Ochiai [18] generalize the formula to more general Galois
deformation including two-variable Hida deformation.
Theorem 4.3 (Ochiai [18, Theorem 1.6 and Corollary 4.4]). Suppose that I is isomorphic to
O[[X ]]. Let us take GQ-stable I-free lattices T and T′ with T′ ⊂ T. Then we have the following
equality:
charR (SelA)
∨
charR (SelA′)
∨ =
∏
P∈P 1(R)
P
lengthRP
(
(T /T ′)
GR
)
P
−lengthRP((F
+T /F+T ′))
P
.
5 Proof of Theorem A
5.1 Statement of the main result
Let us keep the notation of the previous section. In this subsection, we state Theorem A in more
general settings. First we recall the Kubota-Leopoldt p-adic L-function. Let θ be an arbitrary
Dirichlet character. Kubota and Leopoldt [13] showed that there exists a p-adic continuous function
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Lp(s, θ) for s ∈ Zp−{1} (also continuous at s = 1 if θ is non-trivial) with the following interpolation
property for k ∈ Z≥1:
Lp(1− k, θ) = (1− θω
−k(p)pk−1)L(1− k, θω−k),
where L(s, θω−k) is the Dirichlet L-function.
Now let θ be a Dirichlet character modulo Np with (N, p) = 1. Recall that Iwasawa [11] showed
that there exists a unique power series Lp (θ) ∈ Λθ such that
κ (Lp (θ)) =
{
Lp (1− wκ, θψκω) (θ 6= ω−1)
(ψκ (u)u
wκ − 1)Lp (1− wκ, ψκ) (θ = ω−1)
for any arithmetic specialization κ ∈ Xarith (Λθ). Note that we modify Lp (θ) slightly different from
Iwasawa’s original paper [11] for the compatibility of the arithmetic specialization.
Now we state our main result. We fix a pair (N,χ) where N is a positive integer with (N, p) = 1
and χ a Dirichlet character modulo Np form now on to the end of this paper. Let VF be the Galois
representation attached to an I-adic normalized eigen cusp form F with character χ which is fixed
in the rest of the paper. We always assume the following condition:
(Dp-dist) The residual representation ρF (mI) is Dp-distinguished i.e. ρF (mI)|Dp is decomposed
into two distinct characters of Dp with values in (I/mI)
×
.
Since we are interested in the case when ρF (mI) is reducible, we assume ρF (mI) ∼= ψ1 ⊕ ψ2
from now on to the end of this paper, where ψi : GQ → (I/mI)
× (i = 1, 2) is a character. Let
ε1 (resp. ε2) : Dp → I× be the character such that Dp acts on F+VF (resp. VF/F+VF) via ε1
(resp. ε2). Then for any g ∈ Dp, { ε1(g), ε2(g) } and {ψ1(g), ψ2(g) } are the set of roots of the
mod mI characteristic polynomial of ρF (g): X
2− tr ρF (g)X+det ρF(g) mod mI. Hence they must
coincide. We assume ε1 = ψ1|Dp and ε2 = ψ2|Dp without loss of generality from now on to the
end of this paper. We denote by φ the Euler totient function. Write R = I[[Γ]] from now on to the
end of this paper. Recall that L fr (ρF) is the set of isomorphic classes of GQ-stable I-free lattices
of VF . Let L
alg
p be the set of all charI[[Γ]] (SelA)
∨ where T varies in the set of all GQ-stable lattice
of VF . Our main result in this paper is the following theorem:
Theorem 5.1. Suppose I is isomorphic to O[[X ]]. Assume p ∤ φ(N) and the condition (Dp-dist).
Assume ρF (mI) ∼= ψ1 ⊕ ψ2, where ψi : GQ → (I/mI)
× (i = 1, 2) is a character and ψi|Dp = εi. We
denote byW (I/mI) the Witt ring of I/mI and by χi : GQ → W (I/mI)
×
the composition of ψi with
the Teichmu¨ller lift: (I/mI)
× →֒ W (I/mI)
× . Let J (resp. J ) be the ideal of I (resp. R) which is
generated by a (l,F)− χ1 (l) 〈l〉 (1 +X)
sl −χ2 (l) for all primes l ∤ Np and a (p,F)− χ2 (p). Then
we have the following statements:
(1) The set L fr (ρF ) is finite and we have
♯L fr (ρF ) =
∏
p∈P 1(I)
(ordpJp + 1) .
(2) There exist GQ-stable I-free lattices T
min and Tmax of VF which are characterized by the
following properties:
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(i) The quotient Tmax/Tmin is isomorphic to I/ J∗∗ (χ2) as an I[GQ]-module.
(ii) For any GQ-stable lattice T, we have the following divisibilities
charR (SelAmin)
∨
∣∣ charR (SelA)∨ , charR (SelA)∨
∣∣ charR (SelAmax)∨ ,
charR (SelAmax)
∨
charR (SelAmin)
∨
∣∣∣∣J
∗∗.
(iii) In particular, when ψ2 is trivial, we have
charI[[Γ]] (SelAmax)
∨
charI[[Γ]] (SelAmin)
∨ = J
∗∗
and
L
alg
p = { charI[[Γ]] (SelAmax)
∨ · A−1 | a ∈ D (J ∗∗) } .
(iv) Assume the following condition:
(Conductor) The character χ is primitive and the conductor of χ1, χ2 are relatively
prime.
Then the ideal
charR (SelAmax)
∨
charR (SelAmin)
∨ is generated by a factor of Lp
(
χ1χ
−1
2
)
,
where A? = T?⊗ˆZpZp[[Γ]] (κ˜cyc)⊗R R
∨ (? is min or max).
Remark 5.2. Note that if we assume the tame levelN = 1, the character ψ2 is trivial automatically
by combing Theorem 3.4 and class field theory (see [25, Lemma 3.7] for example).
5.2 Preliminaries
Before we prove Theorem 5.1, we obtain some results on Hida deformation as preparation. By the
following lemma, we know that it is enough to study the variation of charR (SelA)
∨
when T varies
in the set of I-free lattices.
Lemma 5.3 ([18, Lemma 4.3]). Let T be a GQ-stable lattice of VF . Let T = T⊗ˆZpZp[[Γ]] (κ˜cyc)
and A = T ⊗R R∨. Assume that I is a regular local ring.
(1) We have lengthRP
(
(SelA)
∨)
P
= lengthRP
((
SelA˜
)∨)
P
for every P ∈ P 1 (R), where A˜ =
T ∗∗ ⊗R R∨.
(2) We have charR (SelA)
∨ = charR
(
SelA˜
)∨
and that T ∗∗ is a free lattice.
Suppose that VF has a GQ-stable I-free lattice T. We denote by F
+T = T ∩ F+VF and by
F−T = T/F+T from now on to the end of this paper. Note that F+T and F−T may not be free
of rank one over I. However, we have the following lemma which is proved by Fouquet and Ochiai
[6]:
Lemma 5.4 (Fouquet-Ochiai [6, Remark 2.13-(3)]). Suppose that VF has a GQ-stable I-free lattice
T. Assume the condition (Dp-dist), then F
+T and F−T are free I-modules of rank one.
We denote by κunivcyc the following character of GQ:
κunivcyc : GQ
κcyc
→ 1 + pZp →֒ Λ
u 7→ 1 +X.
Let I (ρF ) be the ideal of reducibility of I (cf. Definition 2.2). We have the following lemma:
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Lemma 5.5. Let us keep the assumptions and the notation of Theorem 5.1. Then under the
assumption p ∤ φ (N), we have
trρF ≡ χ1κcycκ
univ
cyc + χ2 (mod I (ρF ))
and I (ρF) = J.
Proof. Under the assumption (Dp-dist), one could choose an element g0 ∈ Dp such that ε1(g0) 6=
ε2(g0). Let {e1, e2} be a basis of VF such that
ρF (g0) =
(
ε1 (g0) 0
0 ε2 (g0)
)
and ρF |Dp=
(
ε1 ∗
0 ε2
)
. (6)
For any g ∈ GQ, write ρF (g) =
(
a(g) b(g)
c(g) d(g)
)
. We have that tr ρF mod J is the sum of two
characters by Chebotarev density theorem. Hence I (ρF) ⊂ J by Proposition 2.1. On the other
hand, we have that the character ε2 is unramified by Theorem 3.4. Thus under assumptions
p ∤ φ (N) and ε2 = χ2|Dp , we have d (g) ≡ χ2 (g) (mod I (ρF)) for all g ∈ GQ by [25, Lemma 3.7].
Hence a (g) ≡ χ1κcycκunivcyc (g) (mod I (ρF )) since the determinant det ρF = χκcycκ
univ
cyc . Thus
a (l,F)− χ1 (l) 〈l〉 (1 +X)
sl − χ2 (l) = a (Frobl) + d (Frobl)− χ1κcycκ
univ
cyc (Frobl)− χ2 (Frobl)
is an element of I (ρF ) for all primes l ∤ Np. Since ε2 (Frobp) = a (p,F) by [24, Theorem 2.2.2], we
also have a (p,F)− χ2 (p) ∈ I (ρF). This completes the proof.
5.3 Proof of Theorem 5.1
Under the above preparation, we return to the proof of Theorem 5.1. The goal of our proof is to
study the number and the structure of L fr (ρF ). We obtain the following proposition which is the
main result of this subsection.
Propostion 5.6. Let us keep the assumptions and the notation of Theorem 5.1. Then there exists
a finite set T of GQ-stable I-free lattices which is characterized by the following properties:
(1) For any GQ-stable I-free lattices T
′, there exist a lattice T ∈ T and an element x ∈ K× such
that T′ = xT.
(2) There exist elements Tmax,Tmin ∈ T such that
(i) For any T ∈ T , we have Tmax ⊃ T ⊃ Tmin and F+Tmax = F+T.
(ii) There exists a one-to-one correspondence between every lattice T ∈ T and every factor
a of J∗∗ such that
Tmax/T
∼
→ I/ a (χ2) .
In particular, we have
Tmax/Tmin
∼
→ I/ J∗∗ (χ2) .
Now we prove Proposition 5.6. First we obtain the following lemma on the relation between
the ideal of reducibility and its localization.
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Lemma 5.7. Let us keep the assumptions and the notation of Theorem 5.1. For any p ∈ P 1 (I),
we denote by I (ρF ,p) the ideal of reducibility of Ip. Then we have I (ρF ,p) = I (ρF ) Ip.
Proof. The proof is by definition. Clearly we have tr ρF ⊂ I ⊂ Ip. By the proof of Lemma 5.5,
there exist a K-basis { e1, e2 } of VF and an element g0 ∈ Dp such that
ρF (g0) =
(
ε1 (g0) 0
0 ε2 (g0)
)
, ε1 (g0) 6≡ ε2 (g0) (mod mI) (7)
with respect to the basis { e1, e2 }. This implies ε1 (g0) 6≡ ε2 (g0) (mod p). Thus, we complete the
proof by constructions of I (ρF ,p) and I (ρF ) which are done in the proof of Proposition 2.1.
The assumption that I is a regular local ring enables us to take a GQ-stable I-free lattice T.
We fix such T to the end of the proof of Lemma 5.8. For any p ∈ P 1 (I), we denote by L (ρF ,p)
the set of isomorphic classes of GQ-stable Ip-lattices of VF . Since Ip is a discrete valuation ring,
we have
♯L (ρF ,p) = ordpI (ρF ,p) + 1 (8)
by Proposition 2.5. Then by combining Lemma 5.5 and Lemma 5.7, the equality (8) becomes to
♯L (ρF ,p) = ordpJp + 1. (9)
We define N the subset of P 1 (I) as follows:
N = { p ∈ P 1 (I) | ordpJp 6= 0 } .
Since I is a unique factorization domain, every height one prime ideal of I is principal. Then N is
finite. First we assume that N is non-empty. Let N = { p1, · · · , pr } and let us take an element
pi ∈ N . Write ordpiJpi = ni. We have
tr ρF ≡ χ1κcycκ
univ
cyc + χ2 (mod p
ni
i Ipi)
by Lemma 5.5. Then by Proposition 2.5-(3)-(ii), there exists a chain of GQ-stable Ipi -lattices
T
(0)
i ) · · · ) T
(ni)
i
of VF such that T
(0)
i ) · · · ) T
(ni)
i is a system of representatives of L (ρF ,pi) and satisfies the
following condition:
(Type χ2) The Ipi [GQ]-module T
(0)
i /T
(ji)
i is isomorphic to Ipi/p
ji
i (χ2) for every ji = 1, · · · , ni.
For each pi ∈ N and 0 ≤ ji ≤ ni, we define the module T (j1, · · · , jr) as follows:
T (j1, · · · , jr) =
⋂
p 6∈N
Tp
⋂
pi∈N
T
(ji)
i . (10)
Then T (j1, · · · , jr) is a reflexive lattice and we have
T (j1, · · · , jr)p =
Tp (p 6∈ N )T(ji)i (p = pi ∈ N ) (11)
by [4, Chap. VII. §4.3, Theorem 3-(ii)]. Since every Tp and T
(ji)
i are stable under the action of
GQ, T (j1, · · · , jr) is a GQ-stable lattice. Furthermore, under the assumption that I is a regular
local ring, T (j1, · · · , jr) is free over I. Thus T (j1, · · · , jr) is a GQ-stable I-free lattice of VF .
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Lemma 5.8. When N is non-empty, {T (j1, · · · , jr) | i = 1, · · · , r, ji = 0, · · · , ni } is a set of rep-
resentatives of L fr (ρF ). When N is empty, L fr (ρF) consists only of T.
Proof. First we assume that N is non-empty. Let us take a GQ-stable I-free lattice T
′. By
multiplying an element of I if necessary, we may assume T′ ⊂ T (0, · · · , 0). Let us take an element
p ∈ P 1 (I) and let us consider the following cases:
(a) When p 6∈ N , L (ρF ,p) consists only of Tp by (9). Since T (0, · · · , 0)p = Tp by (11), under
the assumption T′ ⊂ T (0, · · · , 0), there exists an integer ep ∈ Z≥0 such that T′p = p
epTp.
(b) When p = pi ∈ N , T
(0)
i ) · · · ) T
(ni)
i is a system of representatives of L (ρF ,pi). Then under
the assumption T′ ⊂ T (0, · · · , 0), there exist an integer epi ∈ Z≥0 and an integer 0 ≤ ji ≤ ni
such that Tpi = p
epi
i T
(ji)
i .
We have T′p = Tp for all but finitely many p ∈ P
1 (I) by [4, Chap. VII. §4.3, Theorem 3-(i)]. Thus
the integers ep in cases (a) and (b) are 0 for all but finitely many p ∈ P 1 (I). Furthermore, since
I is a UFD, every height-one prime ideal is principal. Then
∏
p∈P 1(I)
pep is generated by an element
x ∈ I. Let T′′ = xT (j1, · · · , jr) . We have T′p = T
′′
p for any p ∈ P
1 (I). Since T′ and T′′ are reflexive
lattices, we have
T′ =
⋂
p∈P 1(I)
T′p =
⋂
p∈P 1(I)
T′′p = T
′′.
This implies that {T (j1, · · · , jr) | i = 1, · · · , r, ji = 0, · · · , ni } is a system of representatives of
GQ-stable I-free lattices up to homothety.
By our construction, there exists a prime ideal p ∈ P 1 (I) such that T (j1, · · · , jr)p and
T (j′1, · · · , j
′
r)p are non-isomorphic as Ip[GQ]-modules for (j1, · · · , jr) 6= (j
′
1, · · · , j
′
r). Thus lattices
T (j1, · · · , jr) and T (j′1, · · · , j
′
r) are non-isomorphic as I[GQ]-modules.
Now we assume that N is empty. Let us take a GQ-stable I-free lattice T′. By multiplying an
element of I if necessary, we may assume T′ ⊂ T. Under the assumption that N is empty, any
prime ideal p ∈ P 1 (I) belongs to case (a) above. Then by the same argument, we have that there
exists an element x′ ∈ I such that T′ = x′T. This completes the proof of Lemma 5.8.
When J∗∗ = I, L fr (ρF ) consists of a unique element by Lemma 5.8, hence Proposition 5.6
follows. Thus it is sufficient to consider the case when J∗∗ ( mI in the rest of the proof. This
enables us to take an element (j1, · · · , jr) 6= (0, · · · , 0) which we fixed in the rest of the proof.
Definition 5.9. Let A be a Noetherian local domain and M a finitely generated A-module. Let
δ : G → A× be a character of a group G. We call that M is an A[G]-module of type δ if M is a
cyclic A-module and G acts on M via δ.
Lemma 5.10. We have the equality F+T (j1, · · · , jr) = F+T (0, · · · , 0).
Proof. Write T0 = T (0, · · · , 0) and Tj = T (j1, · · · , jr) for short. We have Tj ⊂ T0 by our
construction, hence F+Tj ⊂ F+T0. We prove this Lemma by contradiction. Assume F+Tj (
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F+T0. Let us consider the following commutative diagram of I[Dp]-modules:
0 // F+Tj // _

Tj // _

F−Tj //

0
0 // F+T0 // T0 // F
−T0 // 0.
(12)
We have the following injection by the snake lemma:
Ker
(
F−Tj → F
−T0
)
→֒ F+T0
/
F+Tj. (13)
Since F+Tj ( F
+T0 are free I-modules of rank one by Lemma 5.4, we have F
+Tj ⊂ mIF+T0.
Then by the condition (Dp-dist), we must have
Ker
(
F−Tj → F
−T0
)
= 0.
Then the commutative diagram (12) induces the following exact sequence by the snake lemma:
0→ F+T0
/
F+Tj → T0/Tj → F
−T0
/
F−Tj → 0. (14)
Recall that F+T0 (resp. F
−T0) is an I[Dp]-module of type ε1 (resp. ε2). Let us take an
element pi ∈ N such that (T0/Tj)pi
∼= T0,pi/Tj,pi ∼= Ipi/p
ji
i with ji 6= 0. By localizing the exact
sequence (14) at pi, we have that (F
+T0/F
+Tj)pi is a type ε1 Ipi [Dp]-submodule of (T0/Tj)pi .
However by the condition (Type χ2), T0,pi/Tj,pi is an Ipi [GQ]-module of type χ2. Since we assume
ε1 = χ1|Dp and ε2 = χ2|Dp , this contradicts to the condition (Dp-dist).
Lemma 5.11. We have the following isomorphism of I[GQ]-modules:
T (0, · · · , 0)/T (j1, · · · , jr)
∼
→ I
/
r∏
i=1
p
ji
i
(χ2) .
Proof. Let us keep the notation which is used in the proof of Lemma 5.10. The commutative
diagram (12) induces the following isomorphism of I[Dp]-modules
T0/Tj
∼
→ F−T0/F
−Tj (15)
by Lemma 5.10 and the snake lemma. Since the I-modules F−T0 and F
−Tj are free of rank one
by Lemma 5.4, under our assumption (j1, · · · , jr) 6= (0, · · · , 0), there exists an element ξ ∈ mI such
that T0/Tj
∼
→ I/ (ξ) as I-modules. By our construction, we have T0,p = Tj,p for any p 6∈ N and
T0,pi/Tj,pi
∼= Ipi/p
ji
i for any pi ∈ N . Thus we have
(ξ) = charI (I/ (ξ)) = charI (T0/Tj) =
∏
p∈P 1(I)
p
lengthIp (T0/Tj)p =
r∏
i=1
p
ji
i . (16)
By the following isomorphism of I-modules
T0/Tj
∼
→ F−T0
/
F−Tj
∼
→ I/ (ξ) ,
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we have ξF−T0 = F
−Tj and ξT0 ⊂ Tj. Thus by the following commutative diagram
0 // ξF+T0 // _

ξT0 // _

ξF−T0 // 0
0 // F+Tj // Tj // F
−Tj // 0,
we have that Tj/ξT0 is also a cyclic I-module. Then the following exact sequence
0→ Tj/ξT0 → T0/ξT0 → T0/Tj → 0
implies that trF mod (ξ) is the sum of two characters with values in (I/ (ξ))
×
. Then we have that
T0/Tj is an I[GQ]-module of either type χ1κcycκ
univ
cyc or type χ2 by combining Proposition 2.1 with
Lemma 5.5. Since T0/Tj is a type ε2 I[Dp]-module by (15), we must have
T0/Tj
∼
→ I/ (ξ) (χ2) (17)
under the assumptions ε2 = χ2|Dp and (Dp-dist). Thus, we complete the proof by combining (17)
with (16).
Let us return to the proof of Proposition 5.6.
Proof of Proposition 5.6. When J∗∗ = I, there exists a unique GQ-stable I-free lattice up to GQ-
isomorphism by Lemma 5.8. Hence Proposition 5.6 follows. Thus we may assume J∗∗ ( mI. Let
T = {T (j1, · · · , jr) | i = 1, · · · , r, ji = 0, · · · , ni }, where T (j1, · · · , jr) is defined as (10). Then
the first assertion of Proposition 5.6 follows by Lemma 5.8. We prove the second assertion. Let
Tmax = T (0, · · · , 0) and Tmin = T (n1, · · · , nr). Then we have Tmax ⊃ T ⊃ Tmin for any T ∈ T
by our construction. The remainder of (i) and (ii) of Proposition 5.6-(2) follows by Lemma 5.10
and Lemma 5.11. In particular, we apply Lemma 5.11 to Tmin. Then we have
Tmax/Tmin
∼
→ I
/
r∏
i=1
pnii (χ2) = I/ J
∗∗ (χ2) .
This completes the proof of Proposition 5.6.
Let us return to the proof of Theorem 5.1.
Proof of Theorem 5.1. Note that the first assertion of Theorem 5.1 follows by Lemma 5.8. We prove
the second assertion. Let T be a set of GQ-stable I-free lattices which satisfies the conditions of
Proposition 5.6. Then Theorem 5.1-(2)-(i) follows directly by Proposition 5.6-(2).
Now we prove (ii). First we prove that following divisibilities
charR (SelAmin)
∨∣∣ charR (SelA)∨ , charR (SelA)∨∣∣ charR (SelAmax)∨ (18)
hold for any T. By Lemma 5.3, it is enough to prove that (18) holds for any I-free lattice T.
Furthermore, by Proposition 5.6-(1), it is enough to prove that (18) holds for any T ∈ T . Thus
we may assume T ∈ T . Let T max = Tmax⊗ˆZpZp[[Γ]] (κ˜cyc) , T
min = Tmin⊗ˆZpZp[[Γ]] (κ˜cyc) and
T = T⊗ˆZpZp[[Γ]] (κ˜cyc). Then we have
T max ⊃ T ⊃ T min (19)
18
and
F+T max = F+T = F+T min (20)
by Proposition 5.6-(2). By combining (19), (20) with Theorem 4.3, we have
charR (SelAmax)
∨
charR (SelA)
∨ =
∏
P∈P 1(R)
P
lengthRP
(
(T max/T )GR
)
P ⊂ R, (21)
charR (SelA)
∨
charR (SelAmin)
∨ =
∏
P∈P 1(R)
P
lengthRP
(
(T /T min)
GR
)
P ⊂ R.
Thus (18) follows.
We have
Tmax/Tmin
∼
→ I/J∗∗ (χ2)
by Proposition 5.6-(2). Then by applying (21) to Amin, we have
charR (SelAmax)
∨
charR (SelAmin)
∨ =
∏
P∈P 1(R)
P
lengthRP
(
(R/J ∗∗(χ2κ˜cyc))GR
)
P ⊃ J ∗∗. (22)
This competes the proof of (ii).
We prove (iii). Assume that ψ2 is trivial. Let us take a lattice T ∈ T . Then by Proposition
5.6-(2)-(ii), we have that there exists a factor a of J∗∗ such that
Tmax/T
∼
→ I/ a (1) . (23)
Since Q∞ is totally real, GR acts on T max/T and T max/T min trivially. Then (21) and (22) become
to
charR (SelAmax)
∨
charR (SelA)
∨ =
∏
P∈P 1(R)
P
lengthRP
(R/a)
P = a
and
charR (SelAmax)
∨
charR (SelAmin)
∨ =
∏
P∈P 1(R)
P
lengthRP
(R/J ∗∗)
P = J ∗∗
respectively. By Proposition 5.6-(2)-(ii), we have that the correspondence between T and a under
(23) is one-to-one. Thus we have the following equality
L
alg
p = { charI[[Γ]] (SelAmax)
∨ · A−1 | A ∈ D (J ∗∗) } .
This competes the proof of (iii).
Now we prove (iv). Assume the condition (Conductor). We have
(
Lp
(
χ1χ
−1
2
))
⊂ J∗∗ by [25,
Proposition 3.8]. Thus we have
charR (SelAmax)
∨
charR (SelAmin)
∨
∣∣∣∣Lp (χ1χ−12 )R.
by (22). This completes the proof of Theorem 5.1.
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6 Application to Iwasawa main conjectures for Hida defor-
mation
Let us keep the assumptions of Theorem 5.1 from now on to the end of this paper. In this section,
we study the application of Theorem 5.1 to one and two-variable Iwasawa main conjectures for
Hida deformation. First we state our calculation of the characteristic ideal charR (SelAmax)
∨ and
the set L algp in Theorem 5.1 as follows:
Theorem 6.1. Let us keep the assumptions of Theorem 5.1. Assume further ρF (mI) ∼= 1⊕χ and
the following conditions
(Prim) The character χ is primitive and χ|(Z/pZ)× 6= ω.
(pFour) The ideal J defined in Theorem 5.1 is principal and is generated by a (p,F)− 1.
(Fin) For a GQ-stable I-free lattice T, the image of Il under GQ → AutI (T) is a finite group
for every prime l | N .
Then we have that charR (SelAmax)
∨
is generated by a (p,F)− 1 and L algp = D (a (p,F)− 1).
Remark 6.2. It is obviously that the condition (Fin) holds for a GQ-stable I-free lattice T if and
only if it holds for all GQ-stable I-free lattices. The condition (Fin) is also equivalent to that the
automorphic representation πl (fκ) associated to fκ is supercuspidal or principal series for every
κ ∈ Xarith (I) and every prime l | N (cf. the proof of [6, Lemma 2.14]).
We prove Theorem 6.1 by specialization. The specialization method is developed by Ochiai
[17, §7] for the residually irreducible case. We consider the residually reducible case. For an
arithmetic specialization κ ∈ Xarith (I), we denote by C (ρfκ) the set of GQ-stable lattices of ρfκ
up to homothety in the rest of the paper. We introduce the following lemma:
Lemma 6.3. Let us keep the assumptions and the notation of Theorem 5.1. Let κ be an arithmetic
specialization. Recall that Oκ = κ (I). Let Tmaxκ = T
max ⊗I Oκ and ̟κ a fixed uniformizer of Oκ.
Assume further ρF (mI) ∼= 1⊕χ and that the ideal J is principal. Then Tmaxκ satisfies the following
conditions:
(R1) There exists a non-split exact sequence of Oκ[GQ]-modules as follows:
0→ Oκ/ (̟κ) (χ)→ T
max
κ /̟κT
max
κ → Oκ/ (̟κ) (1)→ 0.
(R2) TheOκ[GQ]-module Tmaxκ /̟
lκ
κ T
max
κ has a submodule which is isomorphic to Oκ/ (̟κ)
lκ (ηκ),
where lκ = ♯C (ρfκ)− 1 and ηκ = det ρfκ .
Proof. First we show that κ (J) 6= 0. Since J = I (ρF ) by Lemma 5.7, we have κ (J) = I (ρfκ)
by [25, Lemma 3.7], where I (ρfκ) is the ideal of reducibility of Oκ. Thus we have the following
equality:
♯C (ρfκ) = ord̟κκ (J) + 1 (24)
by [25, Proposition 3.4]. Since ρfκ is irreducible, ♯C (ρfκ) must be finite. Hence κ (J) 6= 0 by the
equality (24).
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Under assumptions ρF (mI) ∼= 1⊕ χ and that J is principal, we have
Tmax/Tmin
∼
→ I/ J (1) (25)
by Theorem 5.1-(2)-(i). We denote by Tminκ the image of T
min under Tmax ։ Tmaxκ . Since κ (J) 6= 0,
we have that Tminκ is a GQ-stable lattice of ρfκ by (25). We have the following isomorphism:
Tmaxκ /T
min
κ
∼
→ Oκ/ κ (J) (1) . (26)
We have lκ = ord̟κκ (J) by the equality (24). For any 0 ≤ i ≤ lκ, let
T (i)κ = Ker
(
Tmaxκ ։ T
max
κ /T
min
κ ։ Oκ/̟
i (1)
)
and [T
(i)
κ ] the homothetic class of T
(i)
κ . We have [T
(i)
κ ] 6= [T
(j)
κ ] if i 6= j. Then by (24), the following
chain of lattices:
Tmaxκ = T
(0)
κ ) · · · ) T
(lκ)
κ = T
min
κ
is a system of representatives of C (ρfκ). We have the following isomorphism of Oκ[GQ]-modules
for any i = 1, · · · , lκ − 1:
T (i)κ
/
̟κT
(i)
κ
∼= T (i+1)κ
/
̟κT
(i)
κ
⊕
̟κT
(i−1)
κ
/
̟κT
(i)
κ .
This implies that Oκ[GQ]-modules T
(i)
κ
/
̟κT
(i)
κ are semi-simple for all i = 1, · · · , lκ − 1. Thus
Tmaxκ /̟κT
max
κ and T
min
κ /̟κT
min
κ must be not semi-simple Oκ[GQ]-modules by Ribet’s lemma (cf.
[21, Proposition 2.1]). We have the following exact sequence of Oκ[GQ]-modules:
0→ T (1)κ
/
̟κT
max
κ → T
max
κ /̟κT
max
κ → Oκ/ (̟κ) (1)→ 0.
Thus it must be non-split and hence the condition (R1) follows.
Since (̟κ)
lκ = κ (J), we have the following exact sequence by (26):
0→ Tminκ
/
̟lκκ T
max
κ → T
max
κ /̟
lκ
κ T
max
κ → Oκ/ (̟κ)
lκ (1)→ 0.
This implies that Tminκ
/
̟lκκ T
max
κ is of type ηκ and the condition (R2) follows.
Let T be a GQ-stable I-free lattice of VF . Let T = T⊗ˆZpZp[[Γ]] (κ˜cyc) and A = T ⊗R R
∨.
Recall that κcyc is the isomorphism Γ → 1 + pZp sending γ to u. Let P be a height-one prime
ideal as follows in each case:
(a) The ideal P is Pκ := (Kerκ)R, where κ ∈ Xarith (I).
(b) The ideal P is Pj :=
(
γ − κjcyc (γ)
)
⊂ R for some j ∈ Z≥0.
We define SelA[P] as follows:
SelA[P] = Ker
H1 (QΣ/Q,A[P ])→ ∏
l∈Σ\{∞,p}
H1 (Il,A[P ])×H
1
(
Ip, A[P ]/F
+A[P ]
) . (27)
Let ιSelA[P],A be the following map induced by A[P ] →֒ A:
ιSelA[P],A : SelA[P] → SelA[P ]. (28)
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Now we study the control theorem for Selmer groups in the sense of [17, Proposition 5.1
and Proposition 5.2]. Note that [17, Proposition 5.1 and Proposition 5.2] are proved under the
assumption that the residue representation ρF (mI) is irreducible. We consider the residually
reducible case.
Propostion 6.4. Let us keep the assumptions of Theorem 5.1. Then we have the following
statements for a height-one prime ideal P given in (a) or (b) above:
(1) For any GQ-stable I-free lattice T, Ker
(
ιSelA[P],A
)
is a pseudo-null R-module.
(2) Assume that the characters ψ1 and ψ2 in Theorem 5.1 are non-trivial. Then for any GQ-stable
I-free lattice T, the map ιSelA[P],A is injective.
(3) Assume ρF (mI) ∼= 1 ⊕ χ and that the ideal J is principal. Then when we choose T to be
Tmax in Theorem 5.1, the map ιSelAmax[P],Amax : SelAmax[P] → SelAmax [P ] is injective, where
Amax = Tmax⊗ˆZpZp[[Γ]] (κ˜cyc)⊗R R
∨.
(4) The R-module Coker
(
ιSelA[P],A
)
is pseudo-null for any GQ-stable I-free lattice T. Assume
further the condition (Fin) in Theorem 6.1, then the map ιSelA[P],A is surjective for any GQ-
stable I-free lattice T.
Proof. We prove the first assertion. Let us consider the following commutative diagram:
0 // Ker
(
ιSelA[P],A
)
//

H0 (QΣ/Q,A)
PH0 (QΣ/Q,A) _

0 // SelA[P] //
ιSel
A[P],A

H1 (QΣ/Q,A[P ]) //
ιGal
A[P],A

H1
(
Ip, F
−
A[P ]
)Dp/Ip
×
∏
l∈Σ\{p,∞}
H1 (Il,A[P ])
Dl/Il
ι
p
A[P],A
×
(
ιl
A[P],A
)
l

0 // SelA[P ] // H
1 (QΣ/Q,A) [P ] // H
1
(
Ip, F
−A
)
[P ]Dp/Ip ×
∏
l∈Σ\{p,∞}
H1 (Il,A) [P ]
Dl/Il .
(29)
We have the isomorphism
H0 (QΣ/Q,A)
PH0 (QΣ/Q,A)
∼
→
(
(T ∗)GQ [P ]
)∨
, where T = T⊗ˆZpZp[[Γ]] (κ˜cyc).
Hence in order to prove that Ker
(
ιSelA[P],A
)
is a pseudo-null R-module, it is sufficient to prove that
(T ∗)GQ [P ] is a pseudo-null R-module. We have
(T ∗)P/P (T
∗)P
∼=
T ∗κ ⊗ˆZpZp[[Γ]]
(
κ˜−1cyc
)
⊗Oκ[[Γ]] Frac (Oκ[[Γ]]) (when P = Pκ)
T∗ ⊗Zp κ
−j
cyc ⊗I Frac (I) (when P = Pj)
by [14, §9], where Tκ = T⊗IOκ. Since the Galois representation Vfκ attached to fκ and the Galois
representation VF attached to F are irreducible, (T
∗)P/P (T
∗)P is an irreducible GQ-module.
Thus by the following surjection
(T ∗)P/P (T
∗)P ։
(
(T ∗)GQ
)
P
/
P
(
(T ∗)GQ
)
P
,
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(
(T ∗)GQ
)
P
/
P
(
(T ∗)GQ
)
P
is zero. Hence
(
(T ∗)GQ
)
P
is zero by Nakayama’s lemma, so is the
submodule
(
(T ∗)GQ [P ]
)
P
.
Let us take a prime ideal Q ∈ AssR
(
(T ∗)GQ [P ]
)
. Recall that Q = AnnR (x) for an element
x ∈ (T ∗)GQ [P ], hence P ∈ Q. Since
(
(T ∗)GQ [P ]
)
P
= 0, there exists an element α ∈ R \ P such
that α ∈ AnnR
(
(T ∗)GQ [P ]
)
. Thus Q contains (α) and P . This implies that the height of Q is at
least two. Note that a finitely generated R-module is pseudo-null if and only if every associated
prime ideal has height at least two. Thus (T ∗)GQ [P ] is a pseudo-null R-module. This completes
the proof of the first assertion.
Since the second and the third assertions are proved in the same way, we prove the third
assertion. Let T max = Tmax⊗ˆZpZp[[Γ]] (κ˜cyc). By (1) and its proof, it is sufficient to prove that
the module (T max,∗)GQ is zero. By taking the base extension ⊗R R/MR, we have the surjection
of R-modules
T max,∗/MRT
max,∗
։ (T max,∗)GQ
/
MR (T
max,∗)GQ .
Since T max is free of rank two over R, the R/MR-vector space (T max,∗)GQ
/
MR (T max,∗)GQ has
dimension less than or equal to two. Assume that (T max,∗)GQ
/
MR (T max,∗)GQ has dimension
two. Then (T max,∗)GQ
/
MR (T max,∗)GQ is isomorphic to T
max,∗/MRT max,∗. This contradicts to
the fact that ρF (mI) is GQ-distinguished since the determinant det ρF is an odd character. Assume
that (T max,∗)GQ
/
MR (T max,∗)GQ has dimension one. Then (T
max,∗)GQ
/
MR (T max,∗)GQ is a type
1 quotient of T max,∗/MRT max,∗. By Lemma 6.3 we have the following non-spit exact sequence:
0→ R/MR (χ)→ T
max/MRT
max → R/MR (1)→ 0. (30)
Since T max is a projective R-module, we have the following isomorphism
HomR/MR (T
max/MRT
max, R/MR)
∼
→ T max,∗/MRT
max,∗
by induction on the minimal number of generators of MR (see [3, Lemma A.12] for example).
Then we have the following non-split exact sequence by (30):
0→ R/MR (1)→ T
max,∗/MRT
max,∗ → R/MR
(
χ−1
)
→ 0.
Since the exact sequence (30) is non-split, we have that T max,∗/MRT max,∗ has no type 1 quotient
which contradicts to our assumption. Thus (T max,∗)GQ
/
MR (T
max,∗)GQ is zero. Then (T
max,∗)GQ
is zero by Nakayama’s lemma. This completes the proof of the third assertion.
Now we prove the fourth assertion. Since the middle morphism ιGalA[P],A in (29) is surjective,
Coker
(
ιSelA[P],A
)
is isomorphic to a sub-quotient of Ker
(
ιpA[P],A ×
(
ιlA[P],A
)
l
)
by the snake lemma.
We have that Ker
(
ιpA[P],A ×
(
ιlA[P],A
)
l
)
is zero when P = Pj and Ker
(
ιpP ×
(
ιlP
)
l
)
is isomorphic
to a submodule of (Uκ)
∨
when P = Pκ by the proof of [17, Proposition 5.1 and Proposition 5.2],
where
Uκ =
⊕
l|N
(
(T)
∗
Il
[Pκ]⊗ˆZpZp[[Γ]]
(
κ˜−1cyc
))Dp
.
Since the module (T)∗Il [Pκ] is finite by [17, Theorem 3.3], Coker
(
ιSelA[P],A
)
is a pseudo-null R-
module. Assume the condition (Fin). Then for every prime l | N , there exist a ring of integers
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Ol ⊂ I of a finite extension of Qp and integers rl, r′l ∈ Z≥0 such that (T)
∗
Il
∼= I/ (̟)
rl ⊕ I/ (̟)r
′
l
by [17, Theorem 3.3-(1)], where ̟ is a fixed uniformizer of Ol. Thus we have that (T)
∗
Il
[Kerκ] is
trivial for every prime l | N . This completes the proof of Proposition 6.4.
Let T be a GQ-stable I-free lattice. Let T = T⊗ˆZpZp[[Γ]] (κ˜cyc) and A = T ⊗R R
∨. Let P be
a height-one prime given in (a) or (b) above. We define H1ur (Dl,A) and H
1
ur (Dl,A[P ]) for every
prime l | N as follows:
H1ur (Dl,A) := Ker
[
H1 (Dl,A)→ H
1 (Il,A)
]
,
H1ur (Dl,A[P ]) := Ker
[
H1 (Dl,A[P ])→ H
1 (Il,A[P ])
]
.
We define H1Gr (Dp,A) and H
1
Gr (Dp,A[P ]) as follows:
H1Gr (Dp,A) := Ker
[
H1 (Dp,A)→ H
1
(
Ip, A/F
+A
)]
,
H1Gr (Dp,A[P ]) := Ker
[
H1 (Dp,A[P ])→ H
1
(
Ip, A[P ]/F
+A[P ]
)]
.
We introduce the following lemma:
Lemma 6.5. Let us keep the assumptions of Theorem 5.1. Then under the assumption that R is
Gorenstein, the following localization maps
H1 (QΣ/Q,A)→
H1 (Dp,A)
H1Gr (Dp,A)
⊕
⊕
l|N
H1 (Dl,A)
H1ur (Dl,A)
and
H1 (QΣ/Q,A[P ])→
H1 (Dp,A[P ])
H1Gr (Dp,A[P ])
⊕
⊕
l|N
H1 (Dl,A[P ])
H1ur (Dl,A[P ])
are surjective.
Note that as is mentioned in [18, Lemma 3.3], the above lemma is proved in the same way as
[17, Corollary 4.12]. Although [17, Corollary 4.12] is proved under the assumption that ρF (mI) is
irreducible, the control theorem of Bloch-Kato’s Selmer groups (cf. [15, Theorem 2.4]) makes the
proof feasible in the residually reducible case.
By Lemma 6.5, we deduce the following lemma which is proved in the same way as [17, Lemma
7.2].
Lemma 6.6 ([17, Lemma 7.2]). Let us keep the assumptions of Theorem 5.1. We denote by
(SelA)
∨
null the maximal pseudo-null R-submodule of (SelA)
∨. Let Pκ and Pj be height-one prime
ideals give in (a) and (b) respectively. Then (SelA)
∨
null /Pj (SelA)
∨
null is a pseudo-null R/Pj-module.
Assume further the condition (Fin), then (SelA)
∨
null /Pκ (SelA)
∨
null is also a pseudo-null R/Pκ-
module.
In [17], we deduce [17, Lemma 7.2] from [17, Corollary 4.12] in the situation when the residual
representation is irreducible. The exactly same argument works even if we remove the assumption
of the residually irreducibility.
Under the above preparation, we return to the proof of Theorem 6.1.
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Proof of Theorem 6.1. We have
charR (SelAmax)
∨ ⊂ J ∗∗
by Theorem 5.1-(2)-(iii). Then under the assumption J = (a (p,F)− 1), we have
charR (SelAmax)
∨ ⊂ (a (p,F)− 1) . (31)
Let κ be an arithmetic specialization. Let Pκ = (Kerκ)R and we fix the isomorphism R/Pκ
∼
→
Oκ[[Γ]] induced by κ. Under the assumptions ρF (mI) ∼= 1 ⊕ χ and that J is principal, the map
ιSelA[Pκ],A : SelT max/PκT max → SelAmax [Pκ] is an isomorphism by Proposition 6.4-(3). Thus we have
charR/Pκ
(
SelAmax[Pκ]
)∨
= charR/Pκ
(
(SelAmax)
∨
Pκ (SelAmax)
∨
)
. (32)
By combining Lemma 6.6 with the equality (32), we have that the image of charR (SelAmax)
∨
under
R։ R/Pκ is equal to charR/Pκ
(
SelAmax[Pκ]
)∨
. Since Tmax is free over I, Tmaxκ := T
max/PκT
max
is isomorphic to a GQ-lattice of ρfκ and T
max/PκT max is isomorphic to Tmaxκ,cyc := T
max
κ ⊗Zp
Zp[[Γ]] (κ˜cyc). Under the assumption (Dp-dist), we have that F
+Tmax is a direct summand of Tmax
by Lemma 5.4. Thus SelAmax[Pκ] is isomorphic to SelAmaxκ,cyc , where A
max
κ,cyc = T
max
κ,cyc⊗Oκ[[Γ]]Oκ[[Γ]]
∨.
We have that the lattice Tmaxκ satisfies the conditons (R1) and (R2) of Lemma 6.3. Then under
the assumptions (Prim) and (pFour), we have the following equality
charOκ[[Γ]]
(
SelAmax[Pκ]
)∨
= (a (p, fκ)− 1) .
by [3, Theorem 5.12]. Thus the image of charR (SelAmax)
∨ under R ։ R/Pκ is generated by
a (p, fκ)− 1. Then we have
charR (SelAmax)
∨ = (a (p,F)− 1) . (33)
by (31). Thus the equality
L
alg
p = D (a (p,F)− 1)
follows by Theorem 5.1-(2)-(iii).
We use the lattice Tmax to study one and two-variable Iwasawa main conjectures for Hida
deformation. We prepare some notation on Hecke algebra and Eisenstein ideals. Let hord (N,Λχ)
be the Hida ordinary cuspidal Hecke algebra of tame level N (cf. [8, §1, §2] or [9, §1]). We denote
by I (1, χ) the Eisenstein ideal of hord (N,Λχ) i.e. the ideal of h
ord (N,Λχ) which is generated
by Tl − 1 − χ (l) 〈l〉 (1 +X)
sl for all primes l ∤ Np and Ul − 1 for all primes l | Np. Let mEis =(
I (1, χ) ,mΛχ
)
be the Eisenstein maximal ideal of hord (N,Λχ), where mΛχ denotes the maximal
ideal of Λχ. We denote by I (1, χ)mEis the ideal of h
ord (N,Λχ)mEis generated by I (1, χ).
Note that in [3], Bella¨ıche and Pollack constructed a two-variable p-adic L-function
L+p
(
mEis, ω
0
)
∈ hord (N,Λχ)mEis [[1 + pZp]]
on both cuspidal and Eisenstein branches of hord (N,Λχ) (cf. [3, §3.4 and Appendix A.6]). They
also studied the relation between L+p
(
mEis, ω
0
)
and Eisenstein ideal as follows:
Theorem 6.7 (Bella¨ıche-Pollack [3, Theorem 3.21]). Assume the following conditions
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(i) The prime p does not divide φ (N).
(ii) The residual representation ρF (mI) is isomorphic to I/mI (1)⊕ I/mI (χ).
(iii) The condition (Prim) in Theorem 6.1 holds.
(iv) The Eisenstein ideal I (1, χ)mEis is principal and is generated by Up − 1.
Then we have the following equality in hord (N,Λχ)mEis [[1 + pZp]]:(
L+p
(
mEis, ω
0
))
= (Up − 1) .
Let us keep the assumptions of Theorem 6.7. Under the assumption ρF (mI) ∼= 1 ⊕ χ, there
exists a homomorphism of I-algebras:
λF : h
ord (N,Λχ)mEis ⊗Λχ I→ I, Tn 7→ a (n,F) (34)
by the duality between the space of I-adic cusp forms and Hecke algebras (cf. [10, §7.3, Theorem
5]). We denote by Lp
(
ρn.ordF
)
the image of L+p
(
mEis, ω
0
)
under the following map:
hord (N,Λχ)mEis [[1 + pZp]]→
(
hord (N,Λχ)mEis ⊗Λχ I
)
[[1 + pZp]]
λ˜F→ I[[1 + pZp]]
∼
→R,
where λ˜F is the map induced by λF . By combining Theorem 5.1 and Theorem 6.7, we have the
following corollary.
Corollary 6.8. Let us keep the assumptions of Theorem 5.1 and Theorem 6.7. Assume further the
condition (Fin) in Theorem 6.1. Then for the lattice Tmax in Theorem 5.1, we have the following
equality
charR (SelAmax)
∨
=
(
Lp
(
ρn.ordF
))
, (35)
which is generated by a factor of Lp (χ).
Proof. We have (
Lp
(
ρn.ordF
))
= (a (p,F)− 1)
by Theorem 6.7. On the other hand, under the assumption (iv) of Theorem 6.7, we have that the
ideal J is generated by a (p,F)− 1. Thus we have
charR (SelAmax)
∨
= (a (p,F)− 1)
by Theorem 6.1. Thus the equality (35) follows.
Since J = (a (p,F)− 1), under the assumption ρF (mI) ∼= 1⊕χ, we have charR (SelAmin)
∨
= R
by Theorem 5.1-(2)-(iii). Thus, under the assumption that χ is primitive, we have
charR (SelAmax)
∨∣∣Lp (χ)R
by Theorem 5.1-(2)-(iv). This completes the proof.
Let j ∈ Z≥0 be an integer. We study the one-variable Iwasawa main conjecture for ρF ⊗ κjcyc.
Let Amaxj = T
max ⊗Zp κ
j
cyc ⊗I I
∨. We denote by Lp
(
ρF , κ
j
cyc
)
the one-variable p-adic L-function
attached to ρF ⊗ κjcyc.
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Corollary 6.9. Let us keep the assumptions of Theorem 5.1 and Theorem 6.7. Assume further the
condition (Fin) in Theorem 6.1. Then for the lattice Tmax in Theorem 5.1, we have the following
equality:
charI
(
SelAmaxj
)∨
=
(
Lp
(
ρF , κ
j
cyc
))
,
which is generated by a factor of Lp (χ).
Proof. Let Pj =
(
γ − κjcyc (γ)
)
R. We have that Lp
(
ρF , κ
j
cyc
)
is the image of Lp
(
ρn.ordF
)
un-
der R ։ R/Pj
∼
→ I. Let T max = Tmax⊗ˆZpZp[[Γ]] (κ˜cyc). Since T
max ⊗ κjcyc is isomorphic to
T max/PjT max, we have that the image of charR (SelAmax)
∨
under R ։ R/Pj
∼
→ I is equal
to charI
(
SelAmax[γ−κjcyc(γ)]
)∨
by the same proof of Theorem 6.1. Then Corollary 6.9 follows by
Corollary 6.8.
Let us consider some examples at the end of this paper. Let (p, k) be an irregular pair i.e. p
divides the numerator of the k-th Bernoulli number Bk. By the idea of Ribet [21], there exists a
normalized eigen cusp form fk ∈ Sk (SL2 (Z) ,Ofk) which is congruent to the weight k and level 1
Eisenstein series modulo ̟, where Ofk is the ring of integers of the field Qp({a(n, fk)}n≥1) and
̟ a fixed uniformizer of Ofk (Note that in [21], Ribet used a cusp form of weight 2 and level p
to prove the converse of Herbrand’s theorem. However, one could use a cusp form of weight k
and level 1. For more details, see [5, §6]). Let mEis be the maximal ideal of hord (1,Λ) which is
generated by I
(
1, ωk−1
)
, p and X . As is mentioned in [3, §1.1], the Hecke algebra hord (1,Λ)mEis
is free of rank 1 over Λ for all p < 105 except for (p, k) = (547, 486). Thus for those pairs, there
exists a unique Λ-adic normalized eigen cusp form F = F (X, q) ∈ Λ[[q]] such that F
(
uk−2, q
)
is
the p-stabilization of fk (cf. [10, §7.6]). We also have J =
(
Lp
(
ωk−1
))
by the same proof of [25,
Corollary 3.9].
By [3, §3.9], we have that for all irregular primes p < 2000, the ideal I
(
1, ωk−1
)
mEis
is generated
by Up− 1. Furthermore, for those irregular pairs (p, k) such that p < 2000,
(
Lp
(
ωk−1
))
is a prime
ideal of Λ which had been calculated by Iwasawa and Sims [12]. Thus by combining Theorem 5.1,
Theorem 6.1 and Corollary 6.8, we have the following corollary:
Corollary 6.10. Let (p, k) be an irregular pair such that p < 2000 and (p, k) 6= (547, 486).
Then for the above F , there are exactly two GQ-stable I-free lattices Tmin and Tmax of VF up to
GQ-isomorphism. Furthermore, we have
(
charR (SelAmin)
∨)
= R and(
charR (SelAmax)
∨) = (Lp (ρn.ordF )) = (Lp (ωk−1)) .
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